This paper stems from work done by the authors at the Mathematics for Social Justice Workshop held in June of 2007 at Middlebury College. We provide a description of the Gini coefficient and some discussion of how it can be used to promote quantitative literacy skills in mathematics courses. The Gini Coefficient was introduced in 1921 by Italian statistician Corrado Gini as a measure of inequality. It is defined as twice the area between two curves. One, the Lorenz curve for a given population with respect to a given resource, represents the cumulative percentage of the resource as a function of the cumulative percentage of the population that shares that percentage of the resource. The second curve is the line y = x which is the Lorenz curve for a population which shares the resource equally. The Gini coefficient can be interpreted as the percentage of inequality represented in the population with respect to the given resource. We propose that the Gini coefficient can be used to enhance students' understanding of calculus concepts and provide practice for students in using both calculus and quantitative literacy skills. Our examples are based mainly on distribution of energy resources using publicly available data from the Energy Information Agency of the United States Government. For energy resources within the United States, we find that by household, the Gini coefficient is 0.346, while using the 51 data points represented by the states and Washington D.C., the Gini coefficient is 0.158. When we consider the countries of the world as a population of 210, the Gini coefficient is 0.670. We close with ideas for questions which can be posed to students and discussion of the experiences two other mathematics instructors have had incorporating the Gini coefficient into pre-calculus-level mathematics classes.
Introduction
Today, there is a huge disparity between the technology, education, health care and agricultural methods that are available in the developed and developing world. The principal challenge we face is to close that gap . . . The countries, businesses and individuals that are on the right side of the divide have to think hard about what kind of world they want us all to live in 20 years from now. Narrowing the gap benefits everyone, and we have the means to do it. If we don't, we will have missed an amazing opportunity.
-Bill Gates (Hofheinz 2000) Inequality, or disparity using Gates' terminology, is a recurring topic within political and social discourse. Whether it is technology, education, health care, or (most importantly in most peoples' minds) money, we know that some have more and some have less, the latter sometimes arguably having not enough. How unfair the inequality is with respect to any particular resource is a matter of debate. However, before engaging in the fairness debate, there is the matter of how one actually measures inequality. The Gini coefficient, introduced by Italian statistician Corrado Gini in 1921 (Gini 1921) , has been used in a wide variety of resource allocation contexts to measure inequality including income, wealth, credit availability, health care, and energy (Berndt et al. 2003 ).
The Gini Coefficient and Quantitative Literacy
In this article, we describe the concept of the Gini coefficient, demonstrate how to calculate it, and provide examples involving energy consumption inequity. We discuss how this material can be used to enhance calculus courses in particular, but also include some ideas for the pre-calculus level, for example, algebra and modeling courses. Our goals in undertaking this project were to develop and disseminate a set of examples that could be used to promote awareness of social justice issues among students taking mathematics classes, as well as provide opportunities for students to learn and practice quantitative literacy skills.
Given this latter goal, it might be appropriate for us to say how we conceive of quantitative literacy and what role it might play within the calculus curriculum. Quantitative literacy is not a well-defined concept, nor is there consensus within the mathematical community on what constitutes quantitative literacy. However, we consider the following skills to be part of what it means to be quantitatively literate:
1. The ability to understand quantitative information within a variety of real-world contexts, including the relevance and meaning of the given quantitative information in that context.
2. The ability to use mathematical and statistical methods to increase understanding, solve problems, and reach conclusions within a variety of real-world contexts. This would include being able to use techniques from different areas of mathematics within a single context.
3. The ability to critique the reasonableness of statements that include quantitative information or have quantitative information as support.
4. The ability to use and develop appropriate representations of quantitative information and use these within the context of written and oral communications.
5. The ability to understand mathematical and quantitative content from a conceptual standpoint, not simply as a set of algorithms or procedures.
Notice that these items say very little about what particular mathematical skills should be considered a part of quantitative literacy, other than specific mention of statistics. We believe students, at whatever level, should be encouraged and able to use the skills they have to understand and learn about the world around them. The 20th century artist Robert Henri described this as the student being "master from the beginning; that is, he must be master of such as he has."
1 One implication of this perspective is that quantitative literacy need not, in fact should not, be confined to a narrow set of quantitative literacy courses at the pre-calculus level. It should pervade not only the college curriculum but also, and perhaps more so, the K-12 curriculum. Many of our college students are not going to take calculus and so it is important for students who are only going to take a single pre-calculus level class to be exposed to quantitative literacy. However, this does not mean we should ignore the quantitative literacy needs of our calculus students.
Please also note that in our view quantitative literacy is not primarily about the ability to carry out particular calculations, whether in arithmetic or algebra or calculus. While learning fundamental mathematical skills is a necessary prerequisite for gaining quantitative literacy, it should be the means to an end, rather than the principal goal of mathematical education. The ability to analyze quantitative information in a real-world context is the skill that will enable a person to navigate more successfully through life in our information society. The knowledge of how to carry out certain calculations is not sufficient in itself. For example, a calculus student who is quite good at taking derivatives, but is unable to apply the concept of rate of change beyond textbook exercises, is missing key quantitative literacy skills. In whatever mathematics course we teach, at whatever level of the curriculum, if we hope to improve our students' quantitative literacy, we must help them move past focusing on the calculations themselves to thinking about how their new quantitative tools can aid them in understanding our complicated world.
In the next sections we describe how to cover the Gini coefficient and related material in a calculus course to address items 4 and 5 above, and to a lesser extent, items 1 and 2. As we will see when we get into the details below, the Gini coefficient is a way to represent or measure inequality as the area between two curves. Understanding the Gini coefficient requires students to have a conceptual understanding of area as well as cumulative percentiles. Students at the pre-calculus level can certainly appreciate the application of the concept of area to represent inequality, even if they use non-calculus methods to calculate or estimate the area. For calculus students, this material provides students with the opportunity to study the meaning of the derivative within a new conceptual context, and reinforces the idea that integration is a tool that allows us to measure area between curves precisely. The manner of calculation is not the central focus here; it is using the students' current set of mathematical tools to analyze a quantitative issue arising in the real world.
We would also like to mention the aspect of social justice in our motivation regarding this project. Incorporating social justice into the mathematics curriculum almost necessitates the use of quantitative literacy on the part of the students. It is one of many possible contexts in which quantitative information arises. The use of social justice issues can increase the emotional investment students have in their learning, depending on the particular issue. It allows students to make connections between their mathematical learning, what they learn in other courses and from news and other media, and their pre-existing knowledge and attitudes. We believe these types of connections can greatly enhance the value and depth of the learning students experience in our classes.
Introduction to Lorenz Curves and the Gini Coefficient
We begin discussion of the details of the Gini coefficient with an illustrative example involving discrete data; continuous models will be introduced later. Suppose we have 100 tokens (each representing a unit of energy, income, food, water, or some other resource) and we divide them up among 10 people, giving the first 1, the second 3, etc., so that the kth person is assigned tokens according to the distribution function u(k) = 2k − 1. Note that in this distribution we are ranking the people in ascending order according to number of tokens assigned. Also note that there is considerable inequality here: one individual receives only a single token, whereas another individual is showered with 19 tokens.
Given this distribution function, we can define the associated Lorenz curve, L(x), as the graph of the cumulative proportion function.
2 In other words, L(x) is the proportion of tokens held by the poorest 100x% of the population. In our example, L(0.1) = 1/100, L(0.2) = 4/100, and in general, L(x) = x 2 for all x = 0, 0.1, 0.2, · · · 1. So, for example, L(0.5) = 0.25 which indicates that the bottom 50% of the population has 25% of all the tokens. The top 10% of the population receives 1 − L(0.9) = 19/100 or 19% of the tokens. Now, if we wanted to distribute our 100 tokens as equitably as possible, we would assign each of the 10 people the same amount, namely ten tokens. The distribution function would be u(k) = 10. The associated Lorenz curve is formed by connecting the set of discrete data points (x, L(x)) via a piecewise linear function or best-fit curve. In the case of a uniform distribution function, we have L(x) = x. Thus, the function L(x) = x represents perfect equality. On the other hand, if we wanted to create more inequality than represented by our first distribution u(k) = 2k − 1, we might instead use the distribution u(k) = 2 k−1 , so that the first person still receives one token, the second two, and the 10th receives 2 9 = 512. This will require a total of 2 10 − 1 = 1023 tokens, but that is okay since we are going to consider the proportion of tokens anyway. For
. In this case, L(0.1) = 1/1023, L(0.5) = 31/1023 ≈ .03, and L(0.9) = 511/1023 ≈ 0.5. Thus, the bottom 50% of the population receives only 3% of the tokens, the bottom 90% receives about half, and the top 10% also receives about half.
Graphs for all three of these Lorenz curves appear in Figure 1 . Observe that increasing the disparity among tokens received by different individuals pushed the Lorenz curve further away from the "equality curve" y = x. One reasonable way to measure the relative disparity of token distribution is the area between y = x and any other given Lorenz curve. The ratio of this area to the total area of the triangle under y = x is how the Gini coefficient is defined. Note that in defining the Gini coefficient in this way we are implicitly expanding the domain of our Lorenz functions L(x) to the interval [0, 1] . Under this definition, the Gini coefficient will be at least 0 and at most 1. The latter situation arises if one person within the population gets all the tokens, and everybody else gets none. Now imagine distributing tokens among a very large population. In the extreme case of an infinitely divisible population, so any proportion between 0 and 1 can be made, we can assume the Lorenz curve is continuous and apply calculus to calculate the Gini coefficient. Recall that the Lorenz curve shows the cumulative proportion of tokens owned by a proportion of the population. In calculus notation, the Gini coefficient equals
. This simplifies to
Clearly, the uniform distribution with L(x) = x results in a Gini coefficient of 0, representing perfect equity (zero inequity). For the other two examples, we can use any of the standard calculus techniques, either numerical or symbolic, for determining the area between two curves. In cases where L(x) itself is given only numerically, we could find an appropriate best-fit curve for each example and integrate that function. Examples utilizing these various methods are given later in this paper. There are also more specialized methods, such as the numerical rule based on quintiles developed by Leon Gerber (Gerber 2007) .
For the examples shown in Figure 1 ,the Gini coefficients can be calculated using calculus by treating the Lorenz curve y = L(x) as a continuous function. For L(x) = x 2 , we get a Gini coefficient of
For the second example, the Gini coefficient is
As expected, the second example has a much larger coefficient, reflecting the greater intuitive inequality. We could say the first distribution is fairer than the second. In practical terms, however, would we say that both of these distributions are unfair, or is the first fair and not the second, or are they perhaps both to be considered reasonably fair or at least not problematical? With respect to income, the United Nations suggests that a national Gini coefficient larger than 0.40 is considered high (People's Daily Online 2006). Although they vary over time, Gini coefficients for income within countries tend to range from a little under 0.20 to around 0.60, with 0.40 being somewhat above the median. On the other hand, if one calculates the Gini coefficient for the entire world considered as a single population, the current value would be in the range of 0.65 (Palma 2006) . The Gini coefficient is highly dependent on how the population is selected. For example, Tang et al. (Chotikapanich et al. 2006 ) note that the Gini coefficient for urban residents of China and rural residents of China were both roughly 0.33 in 2003. However, the index for the country as a whole was over 0.40. This was because the disparity between the groups was larger than the disparity within the two separate groups. Gini indices are typically affected by quite a number of hidden variables, including household size, age distribution within a population, and discrepancies between countries on how income data are collected. In addition, as an economy undergoes certain types of changes, inequality can increase, even though these changes might be beneficial to the society as a whole and possibly even for the subgroups that are "falling behind." For example, if a country experiences an upsurge in high paying jobs based on the new "knowledge economy," inequality will increase even though potentially no one in the country is actually worse off (Kwok-chuen 2007) .
The Gini coefficient can be used to measure inequality in many other contexts besides income, including wealth, education, energy consumption (Jacobson et al. 2007 ), airport concentration, plant sizes and weights, or any other measurable quantity distributed across a population. The Gini coefficient is sometimes interpreted as the percent of inequality within a given population, and in this context it is called the Gini index. For further discussion of the merits of the Gini coefficient compared to other measures of inequality, see University of Texas Inequality Project (2007) and Palma (2006) . Lastly, we note that the Thiel index (see University of Texas Inequality Project 2007) is also a frequently used, if technically involved, measure of inequality that has some advantages over the Gini coefficient.
Calculus and Lorenz Curves
The use of best-fit curves to replace the discrete L(x) function allows us to work in the calculus context, as we did previously, so we proceed with continuous functions for u and L, rather than with discrete data. Suppose we have a continuous distribution function u(x) on [0, 1] describing, for example, energy consumption of a population. In this context, u(0.2) indicates the 20th-percentile energy consumption level: the energy consumption of 20% of the population is less than or equal to u(0.2), while that of 80% is at least u(0.2). The function u(x) is assumed to be nonnegative and nondecreasing, that is, u(x) ≥ 0 and u (x) ≥ 0, since we order the population from poorest to richest in resources, as was done in the previous examples. The normalized cumulative distribution function is
where u m = 1 0 u(s)ds is the mean value of u(x) on [0, 1]. The Lorenz curve is the graph of L(x) on the interval [0, 1]. Although both the distribution functions u(x) and the Lorenz function L(x) need not be everywhere differentiable − for instance it is possible for L(x) to be piecewise continuous − in practice we will usually be approximating discrete data with functions that are differentiable. Statements regarding the derivatives of u(x) and L(x) should be taken in this context.
Basic properties of the Lorenz curve:
1. L(0) = 0 and L(1) = 1: This is immediate from the definition.
4. The slope of the Lorenz curve will equal 1 either at a unique point or on a single closed interval: Recall that u is nondecreasing, so
5. This point or interval where L (x) = 1 partitions the population in a natural way:
We should note that this gives a straightforward way to derive Lorenz curves, but the more typical approach would be to use density functions, as is presented by Leslie (2007) . However, the latter approach is much more involved and potentially confusing. In fact, in the examples we give below we will start with cumulative data, and use curve fitting in Excel to find L(x) as a practical way to obtain Lorenz curves.
Three Energy Gini Examples
In this section we provide three examples of calculating the Gini coefficient for energy consumption.
3 In each of our examples we start with cumulative data and use Excel to find a fitted curve to approximate the Lorenz curve. We provide one data set here so that readers can consider the example on their own using the technology of their choice.
The first example is per capita 2001 U.S. electricity consumption (Energy Information Agency 2004). The data are compiled from a sample of 4822 households. We reduce the data to the deciles in Table  1 before curve fitting. The cubic curve we get from Excel (enforcing the condition L(0) = 0 via the intercept option) for these data is L U Spop (x) = 0. the conditions that L(1) = 1 and that L(x) be increasing on [0,1] are not always met. By using mathematical software like Mathematica or Maple, one can enforce all of these conditions. However, the effect on the Gini coefficients (listed in Table 2 ) is quite small, and Excel has the advantage of being more broadly accessible. The Gini coefficients for these three curves, calculated using (1), are in Table 2 . One should certainly ask if the relative values of these coefficients is expected. In other words, should it be the case the Gini coefficient state < Gini coefficient U Spop < Gini coefficient world and if so why? 
We can also use a numerical estimate instead of curve fitting to calculate the Gini coefficient. We will use the trapezoid rule and the data from Table 1 . From Table 3 we estimate that the area under the curve is 0.32681 ≈ 0.327. However, recall that this is not the Gini coefficient but an estimate of the area under the cumulative proportion of electricity consumption data. The Gini coefficient is given by 1 − 2(0.32681) ≈ 0.346, which happens to agree quite well with the curvefitting estimate. Instructors can use these data and similar data in a classroom in a number of ways. Students can be given the Lorenz curves directly or given the data to calculate the Gini coefficient by a numerical method or through curve fitting and integration. Either way, there is a number of questions and activities that can be pursued. For example students can be asked to find a best-fit curve for given data and then determine where the Lorenz curve has a slope of 1, along with interpreting what this point means. For instance, using L U Spop (x) we solve L U Spop (x) = 1 to get x = −0.518 and x = 0.585. In this example the x = −0.518 has no interpretation. On the other hand we can say that, according to this model, the bottom 58% of energy consumers are using less than their allotted share while the top 41% are using more.
Suggestions for Further Exploration
A few other thought-provoking exercises are the following. If two Lorenz curves have the same Gini coefficient, must these Lorenz curves be the same? If so, explain why. If not, sketch two different Lorenz curves that yield the same Gini coefficient. Can two Lorenz curves intersect and still give the same Gini coefficient and is there a limit on the number of isolated intersections possible? Can you have two Lorenz curves f (x) and g(x) with f (x) > g (x) for all x in (0, 1)?
Other suggestions for further exploration include: 4. Asking what might be sensible thresholds for reasonably equitable energy distribution and for extremely skewed energy consumption.
Reflecting on ramifications of inequalities in energy consumption. What might be advantages and disadvantages of inequality?
Other exercises and activities can be found in Cheung et al. (2005) , Leslie (2007) , Teague (2004) , University of Texas Inequality Project (2007), and Zorn (2005) .
Pre-calculus Possibilities
While the discussion above has focused on calculus, one can certainly bring the Gini coefficient into pre-calculus-level courses. Co-author Catalano has incorporated the Gini coefficient into a college algebra text that is under development.
5 The major adaptation is students will need to use an alternative method to estimate the area between the curves. There are several ways this can be done:
1) In many cases, inequality data of various sorts are available by quintiles or deciles, as in our energy examples. Students could use trapezoids (essentially the trapezoid rule from calculus) to estimate the area between curves based on data in either of these formats.
2) A more intuitive, if less accurate, method would be to have students create graphs on Excel including appropriately scaled grid lines. Students could then estimate the area by "counting grid rectangles."
3) A second intuitive method would be to have students create a triangle that has roughly the same area as the given area based on the Lorenz curve. The base of the triangle would be along the x-axis from zero to a given cumulative population percentile p and the second two sides would run from the endpoints of the base to the point (1, 1). The triangle would thus have height one and the length of the base would equal p. The estimated Gini coefficient would then be twice the area of this triangle or 2(1/2)bh = p. For example, in considering a curve like the exponential curve in Figure 1 above, students would reasonably run the base of the triangle from 0 to 0.7, giving an estimated Gini coefficient of 0.7. Recall the coefficient calculated via calculus is 0.7134.
Catalano has had students utilize both methods 2 and 3 in his college algebra courses. In using method 3, students are asked to actually draw in a triangle on the graph of the Lorenz curve. Most students are able to understand the idea of equivalent but differently shaped areas and use the area formula for the triangle to make reasonable estimates. In general, students who make errors tend to overestimate the area, sometimes drawing triangles which include the entire area between the Lorenz curve and the equality line. Other activities Catalano has had students work on have included:
1) Create a Lorenz curve where the bottom half of the population receives none of the resource and the top half of the population shares the resource equally.
2) Create a Lorenz curve where one person uses half of the resource and the remainder of the population shares half of the resource equally.
3) Create a Lorenz curve where the bottom half of the population shares p% of the resource equally and the top half of the population shares the remainder of the resource equally.
4) Estimate the Gini coefficient in each of the three scenarios above.
Since these examples all involve piecewise linear functions, the area calculations can all be done via triangles and elementary geometry.
Concluding Remarks
Catalano has found that working with the Gini coefficient certainly presents students with a use of area that is novel for them. Most students can appreciate the idea of inequality and the sharing of percentages of a resource. Students are often astonished at how small of a percentage the poorest fifth of a population shares, and how large a percentage the top fifth obtains. When presented with other examples of Gini coefficient data or Lorenz curves, students appreciate understanding how these data are determined. Especially in a course where various types of indices (Dow Jones Industrial Average, Consumer Price Indices, etc.) are discussed, exposing students to how such indices are developed provides a deeper quantitative literacy education. Certainly having students understand the advantages and limitations of a given numerical measure is an important quantitative literacy goal. Although unrelated to our present work on energy resources, we would also like to mention the experiences of two colleagues. The first is Charlie Hadlock, who has used the Gini Coefficient in a mathematical modeling course at Bentley College.
6 In addition to having students collect information and calculate Gini coefficients for collections of countries with respect to wealth and income, Hadlock also engaged students in discussion of what an acceptable threshold of inequality might be, both with respect to ethical considerations and from the standpoint of avoiding social unrest. Students considered how various factors (inheritance rules, level of economic trade, etc.) affected inequality within artificial societies. Students either wrote their own programs to do the calculations or used a previously developed Netlogo model. Hadlock's students found that their Gini calculations varied depending on what assumptions were made about the behavior of the Lorenz curves between the small number of data points typically available, eventually convincing the team of Netlogo developers to modify their assumptions for their Gini coefficient model. Hadlock indicated that his students appreciated the "cleverness" of the area approach inherent in the Gini coefficient and that they did some very worthwhile thinking and learning in their constructions and calculations.
Secondly, Andrew Miller includes discussion of the Gini coefficient as a measure of income inequality in a general education course at Belmont University ("mathematics for liberal arts") as part of a unit on money and economics.
7 When he asked students to comment on this material, the great majority enjoyed the unit, and its inclusion in the course appeared to increase the number of students who believed the course would be beneficial to their future studies or to their life after college. Miller says that he deliberately presents the Gini coefficient material in a neutral manner, in order to let the students interpret this measure of income inequality for themselves. This raises an important point: coverage of mathematics relating to social issues by mathematicians is best handled in a neutral manner, presenting the data and the quantitative analysis in an objective fashion. Reflection through discussion in class can then be mediated by the instructor, rather than dictated by the instructor.
While the authors have not as yet tested our energy examples in a classroom setting, we believe previous experiences show that utilizing the Gini coefficient can serve to help students appreciate the applicability of calculus techniques, as well as provide practice for students in using quantitative literacy skills and calculating areas between curves in a context-rich setting using both symbolic and numerical techniques. AMATYC (1995) recommends that students "learn mathematics through modeling real-world situations, . . . develop the view that mathematics is a growing discipline, interrelated with human culture, . . . [and] use appropriate technology to enhance their mathematical thinking and understanding and to solve mathematical problems and judge the reasonableness of their results." Although AMATYC addressed pre-calculus classes, we believe quantitative literacy goals are also appropriate for calculus classes, especially where these courses fulfill a general education mission.
In addition, through discussion and reflection combined with the mathematical exercises, the Gini coefficient can be effective in increasing students' awareness of the inequity of energy consumption and more generally the distribution of wealth and resources (Staples 2005 
